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Abstract
The single particle radial wave functions of harmonic oscillator potential and Woods-Saxon
potential have been used to calculate the charge density distributions, charge form factor and the
matter and charge root mean square (rms) radii for some odd-A 1p shell nuclei, namely 9Be, 11B,
13
C and 15N nuclei. The calculated results are compared with the measured data. Calculations show
that both the Wood-Saxson (WS) and harmonic oscillator (HO) potentials are capable of providing
theoretical predictions on the structure of p-shell nuclei and be in a satisfactory description with
those of experimental data. The quadrupole form factors contribution for 9Be and 11B nuclei are
carried out using undeformed p-shell model and give a well accordance with the measured results.
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matter root mean square radii for stable 4He,
12
C, and 16O nuclei. The obtained results have
been compared with experimental data.
Lojewski [6] has been evaluated the meansquare charge radii of even-even nuclei using
the realistic single-particle Woods-Saxon
potential and compared the results with
experimental data and theoretical values
obtained with the single-particle Nilsson
potential. Gamba [7] determined the
parameters of a Woods-Saxon potential well
for ten p-shell nuclei by fitting the electron
scattering form factors and single-particle
binding energies.
The aim of the present investigation is the
analysis of the charge and matter root mean
square (rms) radii, charge density distributions
and charge form factors for some p-shell
nuclei like 9Be, 11B, 13C and 15N nuclei
calculated with the radial wave function of
Woods-Saxon and harmonic oscillator
potentials and compared the results with
experimental data.

Introduction
The charge density distribution has been
well studied experimentally over a wide range
of nuclei because it is one of the many most
important quantities in the nuclear structure
[1]. The important information about the
nuclear structure is obtained from the high
energy electron scattering by the nuclei. At
high energy, in the range of 100 MeV and
more, the electron represents a best probe to
study the nuclear structure because with these
energies the de Broglie wavelength will be in
the range of the spatial extension of the target
nucleus [2]. We can distinguish two different
types of the electron scattering: the first type is
called elastic electron scattering where the
nucleus is left on its ground state. The second
is inelastic electron scattering where the
nucleus is left in its different excited states [3].
Gibson [4] has been study the ground state
of the 4He nucleus using a single-particle
phenomenological model. Wave functions
were generated from a potential whose
parameters are chosen to reproduce the correct
neutron separation energy. Ridha [5] has been
used the single-particle radial wave functions
of Woods-Saxon potential and harmonicoscillator potential to study the nuclear charge
density distributions, form factors and
corresponding proton, charge, neutron, and

Theory
The Woods-Saxon potential is the sum of a
spin-independent central potential, a spin-orbit
potential, and the Coulomb potential [7,8,9]:
( )
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where
potential:

( ) is the spin-independent central
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The total charge form factor squared for
unpolarized electrons and target is given by
[11,12]:

( ) ....................................... (2)

|

with a Fermi shape
( )

[ (

)

]

( )

( )

................................... (4)

[ (

)

]

.............................. (5)

( ) is the Coulomb potential for
and
protons based upon the Coulomb potential for
a sphere of radius :
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( ) is the spherical Bessel
where
function of order zero and q is the momentum
transfer from the incident electron to the target
nucleus.
The normalization of the ground state
charge density distributions,
, is given by
[11]:

with
( )

| ( )|

( ), is
The elastic charge form factor,
calculated by the Fourier transform of the
ground state charge density distribution [10],
i.e.
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( ) is the spin-orbit potential:
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( ), is
The quadrupole form factor,
obtained by the undeformed p-shell model as
[11,12]:
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The point density distributions of protons,
neutrons and matter can be written,
respectively as [1]:

where ( ) is the second order of the
spherical Bessel functions, Q is the quadrupole
moment and
is a quadrupole projection
factor given as [12]:
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where
represents the number of
protons, neutrons or nucleons in the
subshell.
The normalization condition of the above
ground state densities is given by [10]:
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Results and Discussion
The single particle radial wave functions of
harmonic oscillator potential and WoodsSaxon potential have been used to calculate
the charge density distributions, charge form
factor and the matter and charge root mean
square radii for 9Be, 11B, 13C and 15N nuclei.
The Woods-Saxon potential is used to obtain
the single-particle energies and single- particle
radial wave functions for the bound states with
quantum numbers
and j. The WoodsSaxon parameters
and
employed in the present calculations for 9Be,
11
B, 13C and 15N nuclei are listed in Table (1).

( ) represents one of the
where
( )]
following densities [ ( ), ( ) or
and corresponds to the number of nucleon in
each case. The rms radii of corresponding
above densities are given by [10]:
〈 〉

)

..................... (11)
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Table (1)
The Woods-Saxon parameters employed in the present calculations for
9
Be, 11B, 13C and 15N nuclei.
Nuclei

(MeV)

9

Be
B
13
C
15
N

41.998
63.392
70.786
54.352

11

(MeV)

(fm)

6
6
6
6

(fm)

0.534
0.772
0.895
0.599

0.534
0.772
0.895
0.599

The calculated matter and charge rms radii
for 9Be, 11B, 13C and 15N nuclei along with the
experimental data [13,14,15] are shown in
Table (2). According to these results, the
calculated matter and charge rms radii for
interested nuclei using both of HO and WS
potentials are in reasonable agreement with
experimental values within quoted error. The
calculated single-particle energies for the
investigated nuclei along with those results of
the Ref. [16] are tabulated in Table-3. It is

(fm)
1.349
1.295
1.269
1.315

(fm)
1.349
1.295
1.269
1.315

(fm)
1.494
1.462
1.442
1.421

clear from this table that the obtained values of
the single-particle energies are in excellent
agreement with the results of the Ref. [16].

Table (2)
The calculated matter and charge rms radii for 9Be, 11B, 13C and 15N nuclei
along with the experimental data.
〈

〉

Nuclei
9

Be
B
13
C
15
N
11

HO
2.51
2.60
2.40
2.54

matter
(fm)
WS
2.68
2.44
2.46
2.56

〈

〉
(fm)
[13]

9

〈

〉

charge (fm)

HO
2.5
2.40
2.46
2.61

WS
2.68
2.49
2.53
2.64

〈

〉
(fm)
[14,15]

Table (3)
The calculated single-particle energies for 9Be, 11B, 13C and 15N nuclei along with
results of the Ref. [16].
Nuclei
9

Be

11

B

13

C

15

N

1s1/2
1p3/2
1s1/2
1p3/2
1s1/2
1p3/2
1s1/2
1p3/2
1p1/2

Proton
Ecal (MeV)
E (MeV) [16]
18.498
18.498
4.971
4.971
32.762
32.762
16.862
16.862
37.827
37.827
21.912
21.912
31.060
31.060
17.257
17.257
13.827
13.827
44

Neutron
Ecal (MeV)
E (MeV) [16]
20.275
20.275
6.499
6.499
35.108
35.108
18.974
18.974
40.669
40.669
24.496
24.496
34.332
34.332
20.262
20.262
16.833
16.833
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In Figs. 1(a) to 1(d), the calculated CDD's
(in fm-3) of the ground state are plotted
versus r (in fm) for 9Be, 11B, 13C and 15N
nuclei, respectively. The red and blue
distributions are the calculated CDD's using
harmonic oscillator (HO) and Wood-Saxson
(WS) potentials, respectively whereas the
dotted symbols are the experimental data
[14,17,18,19]. It is evident from Figs. 1(a),
1(b) and 1(d) which correspond to the 9Be, 11B
and 15N nuclei, respectively that both
calculations of red and blue distributions are in
excellent accordance with the experimental
data throughout all values of r.

Fig.1(c) shows remarkable agreement
between the blue curve and the experimental
data of 13C nucleus throughout the whole
range of r. This figure also explores that the
red curve underestimate slightly the
experimental data at the central region while
beyond this region it agree with the data very
well.

Fig.(1): The calculated charge density distributions for 9Be, 11B, 13C and 15N nuclei. The dotted
symbols are the experimental data taken from Refs. [17], [14], [18] and [19] for 9Be, 11B, 13C and
15
N nuclei, respectively.
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sum of |F0(q)|2 and |F2(q)|2, is represent by
solid curves. It is clear from these figures that
9
11
the calculated |F0(q)|2 for Be and B nuclei
are unable to give a satisfactory description
with the measured data for the region of
momentum transfer q > 1.45 fm-1. Including
the contribution of |F2(q)|2 into our
calculations improves the results and gives us
a satisfactory description for all regions of
momentum transfer q as seen in the solid
distributions of these figures.

Fig.(2) exemplifies the calculated form
factors obtained by the WS potential [Figs.
2(a) and 2(c)] and HO potential [Figs. 2(b) and
2(d)], where the contribution of the quadrupole
form factor |F2(q)|2 is taking into account using
the undeformed p- shell model as given in Eq.
(15). The top and bottom panels correspond
9
11
to Be and B nuclei, respectively. For
comparison the measured data [11,20,21]
(denoted by rhombs and dotted symbols) are
also displayed in these figures. The monopole
|F0(q)|2 and quadrupole |F2(q)|2 form factors
contributions are shown as dash-dotted and
dashed curves, respectively, while the total
contribution |F(q)|2, which is obtained as the

9

11

Fig.(2): The calculated form factors obtained by the WS and HO potentials for Be and B
nuclei. The measured results are taken from Ref. [20] (rhombs) and Ref. [21] (dotted symbols)
for 9Be and taken from Ref. [11] for 11B.
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Figs. 3(a) and 3(b) demonstrate the
comparison between the calculated form
factors of 13C and 15N nuclei and experimental
ones (dotted symbols) [19,22]. The solid and
dashed curves correspond to the evaluated
monopole form factors using harmonic
oscillator (HO) and Wood-Saxson (WS)
potentials, respectively. It is obvious from
these figures that the obtained results of both
the solid and dashed curves are coinciding
with the experimental data up to q ≈ 2 fm 1
and they are underestimate slightly these data
at higher momentum transfer. Furthermore, it

is so clear that the location of the observed
diffraction minimum is reproduced in the
correct place by both the dashed and solid
curves. In addition, it is noted from these
figures that both of the dashed and solid
curves are in coincidence with each other for
the region of momentum transfer q ≤ 1.8 fm-1.
It is concluded from figures 2 and 3 that the
calculated form factors with both WS and HO
potentials of nuclei under investigation are in a
good agreement with the experimental data.

13

15

Fig.(3): The calculated form factors obtained by the WS and HO potentials for C and N
nuclei. The measured results (dotted symbols) for 13C and 15N nuclei are taken from Refs. [19]
and [22], respectively.
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Conclusions
This study draws the following conclusions:
1. It is found that both the Wood-Saxson
(WS) and harmonic oscillator (HO)
potentials are capable of providing
theoretical predictions on the structure of
p-shell nuclei and be in a satisfactory
description with those of measured data.
2. The quadrupole form factors contribution,
which are calculated by undeformed pshell model, are given a good coincidence
with the measured results for 9Be and 11B
nuclei.
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